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Abstract: Significant research has been aimed at the development and control of teleoperator
systems due to both the practical importance and the challenging theoretical nature of the problem.
Two controllers are developed in this paper for a nonlinear teleoperator system that target coordi-
nation of the master and slave manipulators and passivity of the overall system. The first controller
is proven to yield a semi-global asymptotic result in the presence of parametric uncertainty in the
master and slave manipulator dynamic models. The second controller yields a global asymptotic
result despite unmeasurable user and environmental input forces. To develop each controller, a
transformation encodes the coordination and passivity objectives in the closed loop system. The
coordinated system is forced to track a dynamic system to assist in meeting all control objectives.
Finally, continuous nonlinear integral feedback terms are used to accommodate for incomplete sys-
tem knowledge for both controllers. Lyapunov-based techniques are used to prove that all control
objectives are met and that all signals are bounded.

1 Introduction

A teleoperator system consists of a user interacting with some type of input device (i.e., a master
manipulator) with the intention of imparting a predictable response by an output system (i.e., a slave
manipulator). Significant research has been aimed at the development and control of teleoperator
systems due to both practical importance and the challenging theoretical nature of this human-
robot interaction problem. Practical applications of teleoperation are motivated by the need for
task execution in hazardous environments (e.g., contaminated facilities, space, underwater), the
need for remote manipulation due to the characteristics of the object (e.g., size and mass of an
object, hazardous nature of the object), or the need for precision beyond human capacity (e.g.,
robotic assisted medical procedures). The teleoperator problem is theoretically challenging due
to issues that impact the user’s ability to impart a desired motion and a desired force on the
remote environment through the coupled master-slave system. Some difficult issues include the
presence of uncertainty in the master and slave dynamics, the ability to accurately model or measure
environmental and user inputs to the system, the ability to safely reflect desired forces back to the
user while mitigating other forces, and the stability of the overall system (e.g., as stated in [14], a

*This work is supported in part by two DOC Grants, an ARO Automotive Center Grant, a DOE Contract, a
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stable teleoperator system may be destabilized when interacting with a stable environment due to
coupling between the systems).

The emphasis of some previous related research is to achieve ideal transparency by exactly trans-
ferring the slave robot impedance to the user. Typically, approaches that aim for ideal transparency
either require a priori knowledge of the environmental inputs to the slave manipulator, as in [4], or
estimate the impedance of the slave manipulator as in [6]. Some exceptions include the teleopera-
tor controllers aimed at low-frequency transparency developed in [11] and [23] that do not require
knowledge of the impedance of the user or environment. However, the approaches in [4], [6], [11],
and [23] are based on linear teleoperator systems with frequency-based control designs. A review
of other frequency-based approaches applied to linear teleoperator systems are given in [1], [8], [9],
[22], and [25]. In [7], an adaptive nonlinear control design is presented that achieves transparency
in the sense of motion and force tracking.

Other research has emphasized the stability and safe operation of the teleoperator system
through passivity concepts (e.g., [1]-[3], [12]-[14], and [17]-[19]). In [1], Anderson and Spong used
passivity and scattering criterion to propose a bilateral control law for a linear time-invariant tele-
operator system in any environment and in the presence of time delay. These results were then
extended in [18] and [19], where wave-variables were used to define a new configuration for force-
reflecting teleoperators. In [19], and more recently in [2] and [3], these methods where extended
to solve the position tracking problem. In [14], a passivity-based approach was used to develop a
controller that renders a linear teleoperator system as a passive rigid mechanical tool with desired
kinematic and power scaling capabilities. The development in [14] was extended to nonlinear tele-
operator systems in [12] and [13]. The controllers in [12] and [13] are dependent on knowledge of
the dynamics of the master and slave manipulator and force measurements.

In comparison to the previous literature, two controllers are developed in this paper for nonlinear
teleoperator systems that target coordination of the master and slave manipulators as well as
passivity of the overall system. The first controller is proven to yield a semi-global asymptotic
result in the presence of parametric uncertainty in the master and slave manipulator dynamic
models provided the user and environmental input forces are measurable; henceforth, referred to as
the MIF, (measurable input force) controller. The second controller yields a global asymptotic result
despite unmeasurable user and environmental input forces (UMIF) provided the dynamic models
of the respective manipulators are known. The novelty in developing each controller resided in the
three following steps. The first utilizes a transformation which encodes both the coordination and
passivity objectives within the closed loop system. Next, a dynamic trajectory generating system is
designed which assists in achieving overall system passivity as well as keeping all signals bounded in
the closed loop system. Finally, a continuous nonlinear integral feedback observer (see [20] and [24])
is exploited to compensate for the lack of system dynamics information or user and environmental
force measurements. For each controller, Lyapunov-based techniques are used to prove that these
three steps develop a stable passively coordinated teleoperator system.

The controllers developed in this work utilize the nonlinear dynamic model which offers a clear
advantage over past results for linear teleoperator systems ([4], [6], [11], and [23]). The MIF
controller developed in Section 3 compensates for unknown system parameters, which offers an
improvement over past works that require exact model knowledge (i.e. [4] and [6]). The UMIF
controller developed in Section 4 compensates for unavailable force measurement, which offers an
improvement over works that requires force measurements (i.e. [12] and [13]). Numerical simulation
results are presented for each controller in Sections 3.4 and 4.4, respectively.



2 System Model

The dynamic model for a 2n-DOF nonlinear teleoperator consisting of a revolute n-DOF master
and a revolute n-DOF slave revolute robot are described by the following expressions [12]

Y{Mi(q1(1)G1(t) + Ci(qr(t), 41 (1)) 41 (t) + Brdu(t) = Ta(t) + Fi(t) } (1)
M>(qa2(t))ga(t) + Ca(ga(t), G2(1))d2(t) + Baga(t) = Ta(t) + Fa(t). (2)

In (1) and (2), v € R denotes a positive adjustable power scaling term, g;(t), ¢;(t), G:(t) € R™ denote
the link position, velocity, and acceleration, respectively, Vi = 1,2 where ¢ = 1 denotes the master
manipulator and i = 2 denotes the slave manipulator, M;(q;) € R™*" represents the inertia effects,
Ci(q, ¢;) € R™ ™ represents centripetal-Coriolis effects, B; € R™*"™ represents the constant positive
definite, diagonal dynamic frictional effects, T;(t) € R™ represents the torque input control vector,
Fi(t) € R™ represents the user input force, and Fy(t) € R™ represents the input force from the
environment. The subsequent development is based on the property that the master and slave
inertia matrices are positive definite and symmetric in the sense that [15]

my €))7 < €7 Mi(g:)é < ma ||€])° (3)

V¢ € R™ and i = 1,2 where my;, my; € R are positive constants, and |[|-|] denotes the Euclidean
norm. The subsequent development is also based on the assumption that ¢;(t), ¢;(t) are measurable,
and that the inertia and centripetal-Coriolis matrices are second order differentiable.

3 MIF Control Development

For the MIF controller development, the subsequent analysis will prove a semi-global asymptotic
result in the presence of parametric uncertainty in the master and slave manipulator dynamic models
provided the user and environmental input forces are measurable. This development requires the
assumption that Fj(t), E(t), E(t) € Lo Vi = 1,2 (precedence for this type of assumption is
provided in [12] and [14]).

3.1 Objective and Model Transformation

One of the two primary objectives for the bilateral teleoperator system is to ensure coordination
between the master and the slave manipulators in the following sense

¢@2(t) — qu1(t) as t — 0. (4)

The other primary objective is to ensure that the system remains passive with respect to the scaled
user and environmental power in the following sense [12]

/ (i (1) Fy () + @ (7 Fa(r))dr > —¢2 (5)

to

where ¢; € R is a bounded positive constant, and - was introduced in (1). The passivity objective
is included in this section to ensure that the human can interact with the robotic system in a
stable and safe manner, and that the robot can also interact with the environment in a stable and
safe manner. To facilitate the passivity objective in (5), an auxiliary control objective is utilized.



Specifically, the coordinated master and slave manipulators are forced to track a desired bounded
trajectory, denoted by ¢4(t) € R", in the sense that [13]

0i(t) + q2(t) = qa(t). (6)

An additional objective is that all signals are required to remain bounded within the closed loop
system.

To facilitate the subsequent development, a globally invertible transformation is defined that
encodes both the coordination and passivity objectives as follows

z = Sq (7)

where z(t) £[xT(t) 21 ()]F € R?™, q(t) £[¢T(t) ¢ (1)]T € R?, and S € R¥?" is defined as follows

[ 7] sl

where I € R™*" denotes the identity matrix. Based on (7), the dynamic models given in (1) and
(2) can be expressed as follows

M(z)i + C(x, %)@ + Bi = T(t) + F(t) (9)
where

 / _ =T 7M1 02n -1 2nx2n
M(z) = S 0y, M, ] ST eR (10)
é(.’lﬁ,$) —_ SfT 701 O2n :| S—l c R2n><2n (11)

O2n,  Ch

D =T 7B1 02n -1 2nx2n
B =S 0, BJS eR (12)
T(t) = ST [~A1F TF ] eR™ (13)

= a [ B ] o[ R m
poy & [BO) s[5 c ”

and Oz, € R™™" denotes an n X n matrix of zeros. The subsequent development is based on the
property that M (z), as defined in (10), is a positive definite and symmetric matrix in the sense
that [15]

my [|E]* < €M (2)€ < ma ||€]° (15)

V¢ € R?*™ where my, my € R are positive constants. It is also noted that M(z) is second order
differentiable by assumption.

To facilitate the subsequent development and analysis, the control objectives can be combined
through a filtered tracking error signal, denoted by r(t) € R?", that is defined as follows

rEéy+ are (16)
where e5(t) € R is defined as follows

€9 = él + ageq (17)



where a1, s € R are positive control gains, and e;(t) € R?" is defined as follows
e12xy—x (18)

where z,4(t) € R?*" is defined as follows

ra2 [0 ¢f(t)]" (19)

where 0,, € R™ denotes an n x 1 vector of zeros. Based on the definition of z(¢) in (7) and e;(¢) in
(18), it is clear that if |le;(¢)|| — 0 as ¢ — oo then ¢a2(t) — ¢1(t) and that ¢;(t) + ¢2(t) — qu(t) as
t — oo.

The desired trajectory gq(t) introduced in (6) and (19) is generated by the following expression

Mz + Brgg + Krqq = Fb. (20)

In (20), My, By, Kp € R™" represent constant positive definite, diagonal matrices, and Fy(t) was
introduced in (14). Based on the assumption that Fy(t) € L, standard linear analysis techniques
can be used to prove that qu(t), Ga(t), Ga(t) € Lo. The time derivative of (20) is given by the
following expression

Mrq 4+ Brig+ Kpgy =F5 . (21)

From (21), the fact that ¢4(t), Gs(t) € Lo, and the assumption that Fy (t) € Lo, it is clear that

q4(t) € Loo. By taking the time derivative of (21), and utilizing the assumption that Fy (t) € Lo,
we can also show that ¢ 4(t) € L.

3.2 Closed-Loop Error System

Based on the assumption that the user and environmental forces are measurable, the control input
T'(t) of (13) is designed as follows

T=u—F (22)

where @(t) € R?" is an auxiliary control input. Substituting (22) into (9) yields the following
simplified system

Mi + Ci + Bi = . (23)

After taking the time derivative of (16) and premultiplying by M (zx), the following expression can
be obtained

— _— —.od o _ . _ _
M# =M &g+ Mz +— [Ci + Bi] — u +oanMéy + a1 Mé, (24)
where (16)-(18), and the time derivative of (23) were utilized. To facilitate the subsequent analysis,

the expression in (24) is rewritten as follows

1

Mi=N+Ny—ey—ii—= Mr (25)

[\



where the auxiliary signal N (x,@,%,t) € R? is defined as
N&N-N,;

where N(x,,%,t) € R?" is defined as
NéM'd:'dJr]\;/./:i3+a2]\7./él+a1]\7./é2—l—eg+%[C‘:}b—l—B:i:]—l—%Mr (27)
and Ny(t) € R*™ is defined as
Ny = Nosy, smiy, d=iy (28)
= M@@@+Nu%@@m+%ﬁﬂ%@ﬂm+émy
Remark 1 To facilitate the subsequent analysis, the following upper bound can be developed for
N()
| %] <oz 1121l where =2 [ e e 4T )"

and the positive function p (||z]|) is non-decreasing in ||z|| (see Appendixz F' for further details).
(29)

Based on (25), the auxiliary control input @(t) introduced in (22) is designed as follows
t
(0,48 [ snlealr)ar

ea(t) — ea(to) + /t : 62(7)‘”} to

ué%ﬁﬂﬂ
where ks, (5,0, € R are positive control gains, and sgn(-) denotes the vector signum function.
The term ey(tp) in (29) is included so that u(ty) = 0. The time derivative of (29) is given by the
(30)

following expression
u= (ks + 1)r + (8, + B) sgn(ez).
(31)

Substituting (30) into (25) yields the following closed-loop error system
MY = — (kg + )7 = (B + Ba) sgnle) + N + Ny — ez — 5 M r.

Remark 2 Based on the expressions in (19), (28) and the fact that qa(t), Ga(t), Ga(t), € a(t), and
"G 4(t) € Loo, then | Ny(t)|| and ||[Ny(t)|| can be upper bounded by known positive constants 1, ¢3 € R
(32)

] <

as follows
[Na(@)[| < <1

t— o0

3.3 Stability Analysis
Theorem 1 The controller given in (22) and (29), ensures that all closed-loop signals are bounded
as (33)

and that coordination between the master and slave manipulators is achieved in the sense that

@(t) — qi(t)
provided the control gain (B, introduced in (29) is selected to satisfy the following sufficient condition
(34)

B1>61+—¢
xq

where ¢1 and o are given in (32), the control gains oy and as are selected greater than 2, and ks is

selected sufficiently large with respect to the initial conditions of the system.
6



Proof. See Appendix A.

Theorem 2 The controller given in (22) and (29) ensures that the teleoperator system is passive
with respect to the scaled user and environmental power.

Proof. See Appendix B.

3.4 Simulation Results

A numerical simulation was performed to demonstrate the performance of the controller given in
(22) and (29). The following 2-link, revolute robot dynamic model was utilized for both the master
and slave manipulators [21]

{nl } N { E ] _ [pli + 2p3,¢(qin) + 24,5(0i,) P2, + P3,¢(4ix) + P1,5(a) } { Gin ]

Tig Ez D2, + p3ic(Qi2> + p4i3(Qi2) D2; Gis
- (p3i3(qi2) - p4iC(Qi2)) ql'z - (p3iS(Qi2> - p4ic(%’2>> (QH + qzz) %1 :|
(p3is(qi2> - p4ic(qi2>> qi1 0 Qig
fa, 0 G,
+ ‘ .
0 fdzi Qi,
(35)

where s(-) and ¢(-) denote the sin(-) and cos(-) functions. For the master manipulator, i = 1 and
p1, = 3.34 [kg'm?], py, = 0.97 [kgm?|, p3, = 1.0392 [kg-m?], ps, = 0.6 [kgm?], fz1, = 1.3 [Nm-sec],
and fz, = 0.88 [Nm-sec|]. For the slave manipulator, i = 2 and p;, = 2.67 [kg:m?], ps, = 1.455
[kg:m?], p3, = 0.929 [kgm?], ps, = 0.537 [kg:m?], fo, = 1.3 [Nm-sec|, and fz, = 0.88 [Nm-sec],
where the parameters are based on [21]. For this simulation, the positive adjustable power scaling
term was selected as v = 1. The user input force vector was set equal to the following arbitrary
periodic time-varying signals

] =], )

To emulate contact with the environment, a spring-like input force vector was selected as follows
Fy, —0.6q1, — q1,
= . . 37
{ R, } { 062, — s, (37)

To assist in meeting the passivity control objective, the coordinated teleoperated system must follow
a desired trajectory which was generated by the system described by (20) and for this simulation
was selected as follows

- 5 0 Ga 30 da 10 Qa1
Fy(t) = - . 38
{0 {05}{qd2}+{03}[q¢12]+[01}{%2} (38)
where gg; () and qqo(t) denote the desired link positions, and Fy(t) is equal to the following expression

_ 1

Fy(t) = 3 (VF1(t) + Fa(1))

where [(t) was defined in (14).



The actual trajectory for the master and slave manipulators are demonstrated in Figure 1 for
controller gains selected as ks = 100 and 3, + 3, = 25. The link position tracking error between
the master and slave manipulators can be seen in Figure 2. From Figures 1 and 2, it is clear that
the coordination control objective is achieved. The actual trajectory for the coordinated system
(g1(t) + ¢2(t)) and the desired trajectory as defined by (38), are demonstrated in Figure 3. The
coordinated system versus the desired trajectory tracking error as defined by ¢;(t) + g2(t) — qa(t), is
given in Figure 4. From Figures 3 and 4, it is clear that the coordinated system tracks the desired
trajectory. The control torque inputs for the master and slave manipulator are provided in Figures
5 and 6, respectively.

Link 1
T

[rads]

[rads]
! |
Nk o kN W
T T T T

L
0 5 10 15 20 25 30
Time [sec]

Figure 1: Actual trajectory for master (i.e., ¢1(¢)) (—) and slave (i.e., ¢2(t)) (- -) manipulators for
Link 1 and Link 2.

4 UMIF Control Development

For the UMIF controller development, the subsequent analysis will prove a global asymptotic result
despite unmeasurable user and environmental input forces (UMIF) provided the dynamic models of
the respective manipulators are known. This development also requires the assumption that Fi(t),

Ey(t), Fy(t) € Lo Vi = 1,2.

4.1 Objective and Model Transformation

One of the two primary objectives for the bilateral teleoperator system is to ensure coordination
between the master and the slave manipulators as in (4). The other objective is to ensure that
the system remains passive with respect to the scaled user and environmental power as in (5). To
assist in meeting the passivity objective the following desired trajectory, defined as z4(t) € R*", is
generated by the following dynamic system

A

_ 1 -
M.’ifd+BTid+KT$d+§ M.’i?d:F. (39)



Link 1
0.8 i

061

04

[rads]

02F

02 ! i i ; ‘
0

Link 2
0.2 ;

015

01F

[rads]

0.05F

-0.05 L I |
0 5 10 15 20 25 0

Time [sec]

Figure 2: Link position tracking error between the master and slave manipulators (i.e., ¢1(t) —g2(t)).

Link 1
T

[rads]

” | ; ; ‘ ‘
0 5 10 15 20 2 20
Link 2
8 T
6
o
i
g
=
o
” | ; ; : ‘
0 5 10 15 20 2 0
Time [sec]

Figure 3: Actual coordinated (i.e., q1(t) + ¢2(t)) trajectory (—) and desired (i.e., g4(t)) trajectory
(- -) for Link 1 and Link 2.



Link 1
0.8 T

04 B

[rads]

02F q

Link 2
0.2 T

015 A

[rads]

0.05F q

-0.05 1 I I
0 5 10 15 20 25 30

Time [sec]

Figure 4: The coordinated system versus the desired trajectory tracking error (i.e., qi(t) + ga(t) —

qa(t))-

Master Link 1
30 T

Master Link 2
40 T

Il
5 10 15 20 25 30
Time [sec]

Figure 5: Master manipulator control input torque (i.e., 71(t)).
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Slave Link 1
T

I I I I I
5 10 15 20 25 30

Slave Link 2
T

[Nm]

Il Il Il Il Il
0 5 10 15 20 25 30
Time [sec]

Figure 6: Slave manipulator control input torque (i.e., 72(t)).

In (39), M (x) was defined in (10), By and Kr € R*"*" represent constant positive definite,
diagonal matrices, and F'(t) € R* is a subsequently designed nonlinear force observer, and x,(t) €
R?" can be decomposed as follows

za=[ 25(t) 2L ]" (40)

where 241(t), 242(t) € R”. Subsequent development will prove that F(t) € L. Based on this fact,
the development in Appendix C can be used to prove that x4(t), £4(t) € L, then (39) can be used
to prove that #,4(t) € L as shown later, the passivity objective is facilitated by ensuring that the
coordinated master and slave manipulators are forced to track a desired bounded trajectory xgo(t)
in the sense that

01(t) + 2(t) = za(?) (41)

where z4(t) was defined in (40). An additional objective is that all signals are required to remain
bounded within the closed loop system.

To facilitate the subsequent development, a globally invertible transformation is defined that
encodes both the coordination and passivity objectives as follows

z 2 Sq+ l gﬂ (42)

where z(t) £[zT(t) 2T ()]T € R*, q(t) £[¢F (t) ¢ (t)]" € R?", 14 (t) € R® was defined in (40), the

zero vector 0, € R™ and S € R?*"*?" was defined in (8). Based on (42), the dynamic models given
in (1) and (2) can be expressed as follows

M(x)i — M(z) { Szl } + C(z,%)d — C(w, @) { g:l } + Bi — B { gzl } =T(t)+ F(t) (43)
where M (z), C(z, %), B, T(t), and F(t) were defined in (10)-(14).

11



To facilitate the subsequent UMIF development and analysis, the control objectives can be
combined through a filtered tracking error signal denoted by 7(t) € R?", that is defined as follows

r = é2 + €2 (44)
where e;(t) € R*" is now defined as follows
€9 £ M (61 + &261) (45)
where ay € R is a positive control gain, and e;(t) € R** was defined in (18) as follows
JAN
e =xy—x

where z4(t) was defined in (40).

4.2 Closed Loop Error System

To facilitate the development of the closed-loop error system for r(t), we first examine the error
system dynamics for e;(t) and ey(t). To this end, we take the second time derivative of e;(t) and
premultiply by M (z) to obtain the following expression

_ . 1 - L
Mél = F—BTi,‘d—KTCEd—§Mi‘d—T—F (46)
— | Za1 ~. Al Ta 5. 5| Tai
—M{On }—%Cm—C{On ]—l—Bm—B{On }

where (43) and (39) were utilized. Based on the assumption of exact model knowledge, the control
input 7'(t) is designed as follows

_ _ 1 =
T = Tl—BT:'cd—KT:cd—§Mfcd (47)
— | Ta1 ~. A Ta 5. 5| Td
—M[On }%—C’x—C’[On }+Bm—B[On }

where Tj(t) € R?" is an auxiliary control input. Substituting (47) into (46) yields the following
simplified expression

Mé, =F —F —1Ty. (48)

Based on (48), the time derivative of ey(t) in (45) can be obtained as follows

ey =M é +az M ey + anhléy + F — F — T, (49)
Based on the expression in (49), the auxiliary control input Tj(t) is designed as follows
Ty 20 é1 + as M eq + anllé,. (50)
After substituting (50) into (49), the following can be written

~

12



Taking the time derivative of (51) yields the resulting expression

A

é=F — F . (52)

The following error system dynamics can now be obtained for r(¢) by taking the time derivative of
(44)

F=r—egt F— F (53)

where (44) and (52) were both utilized. Based on (53) and the subsequent stability analysis, the
proportional-integral like nonlinear force observer F'(t) introduced in (39) is designed as follows

F2 _(k+1) |:€2(t) — ey(to) + /t 62(7‘)(1’7‘} — (61 + B9) /t sgn (es(T)) dr (54)

to to

where ks, 0, and (3, € R are positive control gains, and sgn(-) denotes the vector signum function.
The expression given in (54) is designed such that F'(¢y) = 0. The time derivative of (54) is given
by the following expression

F= = (ks +1)r = (81 + 85) sgn (e) (55)
Substituting (55) into (53) yields the following closed loop error system
= —eg— F —ky — (8, + B,) sgn (ea) . (56)
Remark 3 Based on (14) and the assumption that Fy(t), Fi(t), Fi(t) € Lo Vi = 1,2, upper bounds
can be developed for HF (t)H and HF (t)H as follows
lFo|<es  [Fo]<« (57)

where ¢3,64 € R denote positive constants.

4.3 Stability Analysis

Theorem 3 The controller given in (47) and (50) ensures that all closed-loop signals are bounded
and that coordination between the master and slave manipulators is achieved in the sense that

@(t) = @) as t— o (58)
provided the control gain (3,, introduced in (54) is selected to satisfy the sufficient condition
By > <3+ <, (59)
where g3 and g4 were introduced in (57).
Proof. See Appendix D.

Theorem 4 The controller given in (47) and (50), ensures that the teleoperator system is passive
with respect to the scaled user and environmental power.

Proof. See Appendix E.
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4.4 Simulation Results

A numerical simulation was performed for the controller given in (47) and (50). The 2-link, revolute
robot dynamic model utilized in (35) was utilized for both the master and slave manipulators. The
user input force vector in (36) and the environmental input force vector in (37) were also utilized.

To meet the passivity-based control objective, the coordinated teleoperated system must follow a
desired trajectory, which is generated from (39) using the same parameter values for the transformed
inertia matrix. The values for By, K1 € R** were set to the following values

Br = diag{5,5,5,5}
Kr = diag{25,25,25,25}

where Br and K are both diagonal matrices.

The actual trajectory for the master and slave manipulators are demonstrated in Figure 7 where
the control gains were selected as ks = 100, 8; + 3, = 100, and as = 200. The link position
tracking error between the master and slave manipulators can be seen in Figure 8. From Figures 7
and 8, it is clear that the coordination control objective is achieved. The actual trajectory for the
coordinated system (q;(t) + ¢2(t)) and the desired trajectory as defined in (39), are demonstrated
in Figure 9. The coordinated system versus the desired trajectory tracking error as defined by
q1(t) + q2(t) — za2(t), is given in Figure 10. From Figures 9 and 10, it is clear that the coordinated
system tracks the desired trajectory. The output of the nonlinear force observer is provided in
Figure 11. The control torque inputs for both the master and slave manipulators are provided in
Figures 12 and 13, respectively.

Master Link 1 and Slave Link 1
T T T

I I I I I
0 5 10 15 20 25 30

Master Link 2 and Slave Link 2
T T

Il
0 5 10 15 20 25 30
Time [sec]

Figure 7: Actual trajectory for master (i.e., ¢1(¢)) (—) and slave (i.e., ¢2(t)) (- -) manipulators for
Link 1 and Link 2.

5 Conclusions

Through the use of transformations, dynamic trajectory generations, and continuous nonlinear in-
tegral feedback terms, two controllers were proven through Lyapunov-based techniques to passively

14



Link 1
T
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Link 2

04 al

[rads]

0.2 al

Il
15 20 25 30
Time [sec]

o
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Figure 8: Link position tracking error between the master and slave manipulators (i.e., ¢1(t) —g2(t)).

Master Link 1+ Slave Link 1 and x;,

12 T T T

0 5 10 15 20 25 30

Master Link 2 + Slave Link 2 and x,,
15— T T T

[rads]

Il
5 10 15 20 25 30
Time [sec]

Figure 9: Actual coordinated (i.e., q1(t) + ¢2(t)) trajectory (—) and desired (i.e., g4(t)) trajectory
(- -) for Link 1 and Link 2.
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Figure 10: The coordinated system versus the desired trajectory tracking error (i.e., ¢1(t) + q2(t) —
Ta2(t)).

Il
0 5 10 15 20 25 30
Time [sec]

~

Figure 11: The output of the nonlinear force observer (i.e. F\(t)) .
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Master Link 1
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Master Link 2
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Figure 12: Master manipulator control

Il
15
Time [sec]

Slave Link 1
T

20

input torque (i.e., 71(t)).

15

Slave Link 2

Il
15
Time [sec]

20

Figure 13: Slave manipulator control input torque (i.e., 72(t)).
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coordinate the master and slave manipulators with respect to the scaled user and environmental
power despite incomplete system knowledge. Implementing either controller would provide the user
of the closed loop teleoperator system with a power scalable, coordinated master-slave tool that
provides safe and stable user feedback. The MIF controller was developed despite uncertainty in
the dynamics of the teleoperator system resulting in a semi-global asymptotic result, and the UMIF
controller was developed despite unmeasurable user and environmental force inputs resulting in a
global asymptotic result. Simulation results demonstrate for both controllers that the coordination
and tracking control objectives are met.
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A Proof of Theorem 1

Lemma 1 Let the auxiliary functions Li(t), La(t) € R be defined as follows

" (Na = B1sgn(es)) (60)
— B3 sgn(ez)

Ly
L,

A
A

where 3, and [, were introduced in (29). Provided 3, is selected according to the following sufficient
condition

1
B1>61+—¢ (61)
Qg

where g1 and g2 are given in (32), and «; is introduced in (16), then

ftl; Li(r)dr < &y ft Ly(m)dr < &y (62)

where the positive constants &,;,&,, € R are defined as

2n

Ea 2 BrY leailto)l — €5 (o) Nalto) (63)

i=1

2n
G 2 By leailto)l
=1

Proof. After substituting (16) into (60) and then integrating, the following expression can be
obtained

/tLl(T)dT = Ozl/ e (1) [Ny(T) — Bysgn(ea(T))] dr (64)

to

. T - t T T
+ /t deflii)zvd(ﬂdf 3, /t deflT( sqn(ea(r))ir.

After evaluating the second integral on the right side of (64) by parts and evaluating the third
integral, the following expression is obtained

t t
/ Lidr = al/ (Nd - i% — ﬂlsgn(62)> dr
t, t CVl dr

0 0

+ey ()Na(t) — By Z |€2:(t)] + &4 (65)

i=1
The expression in (65) can be upper bounded as follows

t 2n
1 de(T)
Lidr < i Ny, ( — *
/t 1aT Oél/tZ’@ <| d; )|+a1‘ dr

0 4=1

- ﬂl) dr (66)

+Z le2:(t)[ (| Na, (1) = B1) + &1
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If 3, is chosen according to (34), then the first inequality in (62) can be proven from (66). The
second inequality in (62) can be obtained by integrating the expression for Ly(t) introduced in (60)
as follows

Lo(rde = 8, [ E()sgnlear))dr (67
/. /,

2n
= &G — 522 |€2i()] < §po- W

i=1

The following is the proof of Theorem 1.
Proof. Let the auxiliary functions P;(t), P2(t) € R be defined as follows

Pi(t) = &, — / Li(1)dT >0 (68)

to

Pt) £ 60 [ Lalr)ir 20 (69)

to

where &, L1(t), €5, and Ly(t) were defined in (60) and (63). The results from Lemma 1 can be used
to show that P;(t) and P(t) are non-negative. Let V(y,t) € R denote the following nonnegative
function

1 1 1 - -
Vv é 56{61 + 56%162 + Q’FTM’F + Pl + P2 (70)

where y(t) € R%*2

yy 2[5 VP VR (71)

where the composite vector z(-) € R is defined as follows

z= e €l T’T}T (72)
Note that (70) is bounded by
Wi(y) < V(y,t) < Wa(y) (73)
where
Wily) = M ly@)I* Waly) = Ko [ly(t)|” (74)
where \; £ %min {1,m1} and Ay £ max {1, %fr@} where m; and msy were introduced in (15).

After taking the time derivative of (70) the following expression can be obtained

vV o= —agele; —ajegey — 1t (kg +1)7 (75)
+eleg + TN — 1T Bysgn(es) + Boéd sgn(es)

where (16), (17), (31), (68), and (69) were utilized. To facilitate the subsequent analysis, the
following inequality can be developed from (26) - (28) (see Appendix F for further details)

N < p(llzl) lI=l (76)
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where p (-) is a positive, non-decreasing function. By utilizing (16), (76), and the triangle inequality,
V (t) can be upper bounded as follows

Vv o< —agele; —ajeley — T (kg + 1) 7 (77)
+eter+eges+p([lz]]) 7] 2] — cwes Bysgn(es).

By utilizing (72), V() of (77) can be upper bounded as follows
) 2n
V< =Agllzl® =K 717 + a1l el 12 = cnBy ) lead (78)
i=1

where A\3= min {a; — 1, ap — 1,1}. After completing the squares for the second and third term on
the right side of (78), the following expression can be obtained

VS—(As A ”)) 21 — 018y 3 e (79)

Provided oy and as are selected to be greater than 2 and k; is selected according to the following
sufficient condition

2
(Sl

< 71
2 2] < p (2 ks)\3> (80)

then the following inequality can be developed

V< W(y) — a1, Z |eai] (81)

where W(y) € R denotes the following nonpositive function

W(y) £ =6, |2 (82)

where 3, € R denotes a positive constant. From (70)-(74) and (79)-(82) the regions D and S can
be defined as follows

DL {y e RO | |ly|l < p? (2 ksxg)} (83)

Sa {y €D | Waly) < M (;fl (2 ks)\3>>2} . (84)

The region of attraction in (84) can be made arbitrarily large to include any initial conditions
by increasing the control gain k;, (i.e. a semi-global stability result). Specifically, (74) and the region
defined in (84) can be used to calculate the region of attraction as follows

W) < Mo (2 ksA3>>2 (85)

Ay
= i)l < \/3or " (2VEN)
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which can be rearranged as

O i—juy(mn» (86)

By using (72), (63), and (71) an explicit expression for ||y(to)|| can be written as

ly(to)I* = llex(to)l” + llez(to) (87)
[ (to)I* + &or + Eo-

From (70), (81), and (84)-(86), it is clear that V (y,t) € L Yy(to) € S; hence e;1(t), ea(t), r(t),
2(t), y(t) € Lo Yy(to) € S. From (81) it is easy to show that es(t) € L1 Vy(ty) € S. The fact that
ex(t) € Ly Vy(to) € S can be used along with (17) to determine that e;(t),é1(t) € L1 Yy(to) € S.
From (7), (18) and the assumption that g4(t) € L, it is clear that z(t), q(t) € L Vy(to) € S.
From (16) and (17) it is also clear that é(t), é1(t) € Lo Yy(ty) € S. Using these boundedness
statements, it is clear that both @ (t) € L, Yy(ty) € S. From the time derivative of (17), and using
the assumption that §;(t) € L along with (23), it is clear that u(t) € L Yy(to) € S. The previous
boundedness statements can be used along with (31), (76), and Remark 2 to prove that 7(t) € Lo
Vy(ty) € S. These bounding statements can be used along with the time derivative of (82) to prove
that W (y(t)) € Lo Vy(te) € S; hence, W (y(t)) is uniformly continuous. Standard signal chasing
arguments can be used to prove all remaining signals are bounded. A direct application of Theorem
8.4 in [10] can now be used to prove that ||z(t)|| — 0 ast — oo Vy(to) € S. From (72), it is also clear
that ||7(¢)|| — 0 as t — oo Vy(tg) € S. Based on the definitions give in (16) - (18), standard linear
analysis tools can be used to prove that if ||r7(¢)|| — 0 then ||éx(2)||, [le2(¢)]], ||é1(2)]l, ||ex(t)||— O
as t — oo Vy(ty) € S. Based on the definition of z(t) in (7) and e;(t) in (18), it is clear that if
lea(£)[[—= O then [lg1 (£) — g2 (£)] — 0 and ¢y (£) + g2 (£) — qa(t) . W

B Proof of Theorem 2

Proof. Let V,(t) € R denote the following nonnegative, bounded function

1. . 1
v, = §ngTQd + §Q§KTQd- (88)

After taking the time derivative of (88), the following simplified expression can be obtained
V, = 5 Fo — 43 Brda (89)

where (20) was utilized. Based on the fact that By is a constant positive definite, diagonal matrix,
the following inequality can be developed

V, < dj By (90)
After integrating of both sides of (90), the following inequality can be developed

e <0 i) < [ F0)Palo)do (o1)

to
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where ¢, € R is a positive constant (since V,(t) is bounded from the trajectory generation system
in (20)).
By using the transformation in (7), the left side of (5) can be expressed as

/to i () { T } dr = / i Fdr, 02)

By substituting the time derivative of (18) into (92), the following expression can be obtained

/ i () F(r)dr / () Ey(r)dr — / () F(r)dr (93)

to to to

where (19) was utilized. Based on (91), it is clear that ftz §F (1) Fy()dr is lower bounded by —cs,
where ¢y was defined as a positive constant. The fact that é;(t) € £4 from the proof for Theorem 1
and the assumption that F'(t) € L., can be used to show that the second integral of (93) is bounded.
Hence, these facts can be applied to (92) and (93) to prove that

t
. Fi(7)
T7l71 Lh>—3 94
Lo | ) [z - (94
where c3€ R is a positive constant. B

C UMIF Desired Trajectory Stability Analysis

Proof. Let Vi(t) € R denote the following nonnegative function

1 1
‘/1 £ §€g€2+§TTT+P1+P2. (95)

Based on (95) and the closed loop error systems in (56), the proof of Theorem 3 can be followed
directly to prove that e;(t), es(t), 7(t), F(t), F (t) € Lo as well as that ey (t), e5(t), and 7(t) — 0 as

t — oo regardless of whether or not 4 (t), @4 (t), &4 (t) € Loo. Therefore the fact that F(t) € Lo
can be used in the subsequent analysis. As a means to prove that x4(t), 4(t), Z4(t) € Lo, let

Vs(t) € R denote the following nonnegative function
Vo2 Vs+ L (96)

where V3(t)€ R denotes the following nonnegative function

1., - 1
%égﬁMm+§ﬁKmd (97)
where x4(t), 4(t) were defined in (40), where K was defined in (39), and M () was defined in (10).
The expression given in (97) can be lower bounded by the auxiliary function, L(Z) € R, defined as
follows
2eiT M,

L& =rd e
1+ 22Ty

< Va(t) (98)
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where ¢ € R is a positive bounding constant selected according to the following inequality

min {ml, Amin{KT}}
2mLoo

0<e< (99)

where \yin{K7}€ R denotes the minimum eigenvalue of Kr, my was defined in (15) and mp€ R
denotes the induced infinity norm of the bounded matrix M (x). From (98) it is clear that V,(t) is
a non-negative function. Also, Z(t)€ R*" is defined as

228 )7 (100)
The expression in (96) satisfies the following inequalities
Azl < Va(a) < Xe |zl (101)

where A, Ay € R are positive constants defined as follows, provided ¢ is selected sufficiently small

1
)\1 £ 5 min {ml, Amin{KT}} — 550 (102)
- 1
)\2 £ 5 max {mg, )\max{KT}} + Effc

where m; and my were introduced in (15), and Apax{K7}€ R denotes the maximum eigenvalue of
Kr. In (102), £.€ R is a positive constant defined as follows

gc = max { 277;LOO ) 2mLoo(Sa} (103)

a

where 6, € R is some positive constant, and m ., was introduced in (99).
To facilitate the subsequent analysis, the time derivative of (98) can be determined as follows

2eiT Mxg + 2ei] M T+ 2eit Mig
1+ Zmd Tq
2e (l'nglid) 41‘51%

L =

104
(1+ 22%2,)? (104)
After utilizing (39), the expression in (104) can be written as
i _253:5](;3:(1 B 2€$£B§j3d 253:55’ (105)
1+ 2x52q 14+ 2x52q 1423524
ext M iy 2eil Miy  2¢ (25 Muag) 428 dq
1+22Txg 142282, (1+ deT:z:d)z
The signal in (105) can be upper bounded as follows
- 25)\min{KT} 2 2‘5)\max{BT} 2 . 2
L _ 25/ min A A TS 25 Amax AT f
2e
+H27:1:51d {52 ||5Cd|| + = HFH ] + e85 ||3Ed|| + eémée (106)
&b 25m2 .2 e 112
— 8
o Nl + g Dl + Serma
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where the following properties were utilized

25$5KTl'd < 25>\m1n{KT} ||

- 107
1+22Txy — 1+ 228 24 all (107)
2€$§BTid 2e max{BT} 2 . 12

T o S T o7 108
1+22Tg = 14222, [deH +H$d|” (108)

25:vdF 2e 5 1 1~2
TraTm < Tragm el g ] 109
1+228zy = 14222, [ 2 [|al +52 (109)
T A7 4
exy M o4 -2 e€mbe .12
oI S ; ne + o — 110
S < et il +etate + T L] (110)
2e T M 2
eit Ta:d < _ 2emy ] a1
1+ 2z, 24 1+2md
2e (21 Mxg) 40T
2 (2 M) T < Semy [ (112)
(1+ 2z%2,)
|zal
< 1 113
1+22Txy — (113)
2
led? -

(1 + 227,)°

In (109), 62€ R denotes a positive bounding constant. In (110), {5€ R denotes a positive bounding
constant defined as

]l

< 115
1+ 2202y — & (115)

and ¢, £.€ R denote positive bounding constants defined as
|91 < € Gl +€.) (116)

The inequality in (116) is obtained by using the facts that the inertia matrix is second order
differentiable and that e;(t)€ Lo, (see proof of Theorem 3). In (111) and (112), me€ R is a
positive constant defined in (15).

Based on the development in (104)-(114), the time derivative of (96) can be upper bounded as
follows

Vo < Aol B} ol — 2 (117
+21Af2—{3} el + il
48 lal® + 5 ||+ 1+zxdxd[2”xd” +5 ]
et Val? + ctnte + g 2l
gt Il + Bema [
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where (39), (106), and the following inequalities were utilized
—iYBrig < —Amin{Br} ||it'd||2
. 1 ~ |12
e HFH
1

where ;€ R denotes a positive bounding constant. The expression in (117) can be simplified as
follows

. . 25)\max{BT} 55 7 5 : 267’712 =
V, < — 2 Npin{Br) — &, — =m0 o — noe -8
2 = [ &all [ {Br} =6 1+ 2272y £8skm 1+ 2272y 142202y e
d 1+ 22Ty 1+ 22Ty 1+ 2272y
12112 2e 12112
—||F = | = ||F _el. 118
+ {61 + L +2demJ {52 } +65m54 (118)

Provided Br, 61,09, €, and K are selected to satisfy the following sufficient conditions

)‘min{BT} > b1 te¢ (2)‘max{BT} + £3§m + gmgé + 10m2)
Amin{KT} > )\max{BT} + 62

the expression in (118) can be upper bounded as follows
_ min {j/au 7(1}
A2

where (100) was utilized, and 7,, 7}, €2€ R denote positive bounding constants.
From (96) - (98), and (101), and that F(t)€ L, the expression in (119) can be used with
the result from [5] to prove that Z(t),z4(t), Za(t) € L. Based on (39), and the fact that M(z),

M (z,%),and F(t)€ Lo, then Zy(t) € Loo. W

V; < Vs + € (119)

D Proof of Theorem 3

Lemma 2 Let the auxiliary functions Li(t), La(t) € R be defined as follows

A (F —i—ﬁlsgn(eg)) (120)
Ly £ —B5¢3 sgnl(e)

where B, and (B4 are defined in (54). Provided 3, is selected according to the following sufficient
condition

By > <3+ <a, (121)
where g3 and ¢4 were introduced in (57), then
Jo In(n)dr <& [y Da(7)dr < & (122)
where the positive constants &,;,&y, € R are defined as
En 2 01 0 leai(to)| — €F (to) (— F (to)) €2 2 B Yy leailto)] (123)
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Proof. After substituting (44) into (120) and then integrating, the following expression can
be obtained

[ utir = [ @ [ F @)= prsgntea(r)] ar (121)
—i—/tt @ <— F (7’)) dr — (3, /t deg(7>sgn(eg(7))d7.

, dr o AT

After evaluating the second integral on the right side of (124) by parts and evaluating the third
integral, the following expression is obtained

/tt Lidr = /tt e3 (1) <— F(r)+ F (1) — ﬁlsgn(eQ(T))> dr

S5 () F (1) = 01 3 lea(t) 4 &ur. (125)

The expression in (125) can be upper bounded as follows

/tot Liydr < ti |ea; (7)) ( F@ (T)‘ + ‘Fl (7')‘ — 51) dr (126)

If 3, is chosen according to (121), then the first inequality in (122) can be proven from (126). The
second inequality in (122) can be obtained by integrating the expression for Ls(t) introduced in
(120) as follows

/tLg(T)da = —ﬂ2/t el (m)sgn(ea(7))dr (127)

2n
= & — 522 |€2i()] < &po- W
i=1

The following is the proof of Theorem 3.
Proof. Let the auxiliary functions P;(t), P2(t) € R be defined as follows

Pi(t) £ & — /t Ly(r)dr >0 (128)

to

t

Py(t) £ &5 — / Ly(7)dr >0 (129)
to

where &y, L1(t), &, and Lo(t) were defined in (120) and (123). The results from Lemma 2 can

be used to show that P;(t) and P»(t) are non-negative. Let Vi(y,t) € R denote the following

nonnegative function

2l

1
Vi = 26?62 + ~rTr + P + P, (130)

2
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where y(t)€ R*2 is defined as

yt) 2 [ el T VP VP (131)
Note that (130) is bounded according to the following inequalities
Ws(y) < Valy,t) < Waly) (132)

where

Ws(y) = Mally@II*  Waly) = 25 ly®)]° (133)

where A4, A5 € R are positive bounding constants.
After taking the time derivative of (130), the following expression can be obtained

Vi = —eley — kaTr — Byelsgn(es) (134)

where (44), (56), (128), and (129) were utilized. The expression in (134) can be rewritten as
) 2n
Vi= = lleall” = ko Ir]I* = 82 ) leail - (135)
i=1

From (130) and (135), it is clear that Vi (y,t) € Loo; hence, es(t) € LooNLyNLy, 7(t) € LooNLs,
and y(t) € Lo . Since ey(t), 7(t) € Lo, (44) and (55) can be used to prove that éy(t), ' (1) € Loo.

~

Given that es(t), 7(t), F' (t) € L and the assumption that Fe Lo, (53) can be used to prove that
7(t) € L. Barbalat’s Lemma can be utilized to prove

le2@®I], lr@)| =0 as ¢ — oo (136)

From (44), (45), (136) and the fact that M(z) € L, standard linear analysis arguments can be
used to prove that e;(t), é1(t), and é5(t) € Lo, likewise that e1(¢), é1(t) € L1, and that

lex @I l[ex@I s léx@)]| — 0 as t — oo. (137)

From the fact that é(t) € Lo, and the assumption that F' € Lo it is clear from (51) that F(t) €
L. Since F(t) € Lo, (39) and the proof in Appendix C can be used to show that z4(t), iq(t),
Z4(t) € L. Using these facts along with (18) and its first time derivative, it is clear that x(t)
and #(t) € L. Since e1(t), é1(t), M(z), M(x) € L, it is clear from (50) that T}(t) € Lo, and
using previously stated bounding properties, T'(t) € L. It is also possible to state that Ty (t) € L,
where (50) was utilized. Based on the definition of z(¢) in (42) and the previously stated bounding
properties, it is clear that ||q1(¢t) — q2(¢)|| — 0 and ¢i(t) + ¢2(t) — qa(t). From these bounding
statements and standard signal chasing arguments, all signals can be shown to be bounded. B

E Proof of Theorem 4

Proof. Let Vj»3(t) € R denote the following nonnegative, bounded function

1., 1
Vg = 53‘:5 Mig+ 53:5 Krzg. (138)
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After taking the time derivative of (138), the following simplified expression can be obtained
Vio = iy F' — i} Britg (139)
where (39) was utilized. Based on the fact that By is a constant positive definite, diagonal matrix,
the following inequality can be developed
Vi < il F (140)
The following inequality can be developed after integrating (140)

e < Vlt) ~ Vilto) < [ (o) (o) (141)

to

where ¢4 € R is a positive constant (since Vj,2() is bounded from the trajectory generation system
in (39)).

To facilitate the subsequent analysis, the following expression can be obtained from integration
by parts

/t Néy(r)dr = Méy () — Teés (to) — /t N é(7)dr (142)

Since M(x), M (2,) ,é1(t) € Lo, and éy(t) € Ly, then [{ Mé\(r)dr € Lo. After integrating (48)
as follows

/t:ﬁde _ / 3, () dr — / (r)dr .

and using the fact that T (t) € L, (see proof of Theorem 3) and the fact that ft'; Méy(T)dT € Lo,
it is clear that F' € £,, where F(t) £ F(t)— F(t).
By using the transformation in (42), the expression in (5) can be rewritten as follows
t'T() YR g t'TFd - t[:‘cT 0F | Fd (144)
5 ¢ pe | : i Fdr L O T.

After substituting for the definition of F(t) and the time derivative of (18) into (144) for F(t) and
x(t), respectively, the following expression can be obtained

/ thTFdT— / t[:'chl 0L | Far = / ta‘:dTZ(T)FQ(T)dTJr / t:‘chZ(T)FQ(T)dT (145)

to to to to

t t
- / &1 (1) F(r)dr — / ¢(r) E(r)dr.
to to
Since iq(t) = [ &2 (t) &% (1) }T € Lo and F(t) = [ F(t) FY(t) }T € L4, it is clear that the
first integral expression in (145) is bounded and from (143) a lower negative bound exists. Based
on (141), it is clear that the second integral expression in (145) is bounded and a lower negative
bound exists. Since é;(t) € Lo and F(t) € Ly, it is possible to show that the third integral in (145)
is also bounded and a lower negative bound exists. Finally, because é;(t) € £, and F (t) € Lo, it
is possible to show that the fourth integral in (145) is also bounded and a lower negative bound
exists. Hence, these facts can be applied to (144) and (145) to prove that

/t §"(7) { A7) ] dr > —c (146)
to F2(7_> o b
where c5€ R is a positive constant. B
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F Upper Bound Development for MIF Analysis

To simplify the following derivations, (27) can be rewritten as follows

N = N(x,,%,e,e,r,Tq) =M% (147)
d
—i—Ma:—l—d—[C’m Bi] + ey

+M (al + CVQ) — M (al + 109 + Oég) €9
_ 1 =
+Moaje; + 3 Mr

where (16) and (17) were utilized. To further facilitate the subsequent analysis, the following terms,
N(z,%q,%4,0,0,0,%4), N(z,,%4,0,0,0,7,), N(z,%,%,0,0,0,T,4), N(z,&,%,e,0,0, 7 4) and

N(z,%,%, e, eq,0,%4) are added and subtracted to the right-hand side of (26) as follows

N = [N(z, i ia,0,0,0, %) — Na(za, #a,74,0,0,0, % )]

[N(2, &, i4,0,0,0, i) — N(x, dq, 74,0,0,0, % g)]

[N(z,#,7,0,0,0,%4) — Nz, &,iq,0,0,0, % )] (148)
[N(x,%,%,e,0,0,74) — N(z,&,%,0,0,0, T y)]

[N(x, 2,2, e1,69,0, %4) — N(x,,Z,€1,0,0, T g)]

+ [NV(

N T :1.:7‘;1‘:76176277’7 :Ed) - N(.’E,LI'?“"I.Z, €1, 62707 ':Ed)] .

After applying the Mean Value Theorem to each bracketed term of (148), the following expression
can be obtained

N = 8N<017 jjd7 jd7 07 07 07 md) (CE - md)
80-1 o1=1
ON #,,0.0,0,
+ (:E,O’z,iﬂd; » Uy U, md) (:'E—ibd>
80-2 T9=v3
ON (x, 1 0,0,0, @
+ (:E::E;O-& s Vo Y md) (.’If—xd) (149)
80-3 o3=v3
n (13,1';1:70-47 y Uy :Ed) (61 _O)
80-4 T4=v4
8N(5177j77‘;1376170-5707 :Ed) (e O)
9 —
80-5 Oo5=U5
ON(z, 2,3, e1,€2,06, ¥q) (r —0)
80-6 o6="¢
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where vy € (zg,2), vo € (L4, %), v3 € (Za,Z), va € (0,e1), v5 € (0,e2), and vg € (0,r). The
right-hand side of (149) can be upper bounded as follows

8N(0-17 jjdy jd7 07 07 07 :Ed)

N <
< H o e
ON t4,0,0,0, 7
+ (‘T7 02,%4,Y,Y,U, d) ||€1||
do o2=v2
ON(z,i 0,0,0,
+ (LU,LU,O'g, s Uy Uy d) ||€1|| (150)
80'3 o3=v3
ON(x,x, % 0,0, «
+ (LC,LU,.’E,O'4, s Yy d) ||€1||
80’4 oa=v4
+ (LC,LE,.’E,€17O'5, ) d) ||€2||
80’5 o5=vs
+ ('r7 m?‘%‘? 617627067 d) ||’]”|| .
80’6 6=v6
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The partial derivatives in (150) can be calculated from (147) as

aN(Ul,id,.’id, 0,0,0, ZL'd) aM(Ul)

80'1 - 80'1 L
+8M (Ul’xd>jd
80'1
+8 C (O-l’j:d’:i.d)i'd
80'1
_i_ao(o-l:md)j:d
80'1
8N(£L', g2, i}da 07 07 07 xd) 0 M (:Ev 02) ..
80'2 80'2
+(9C7 (.’13,02,&5(1)0_2
80'2
+ C ($,Ug,.’i§d)
+00(a:,02)id
80'2
ON(z,%,035,0,0,0, T 4) _ i (2,4) + 0C (CE,ZL’,O'3>:1,:
80'3 80'3
+C(x,&) + B
ON(x,&,%,04,0,0, T _
( 8044 : = aM(@)
8N(CE, i: :i.a €1,0s5, 07 xd)

80’5

8N<m7 jj7 j7 €1,€2,0¢, ':Ed)

80'6

By noting that
v =2 —c (z—xq) Vo =T — o (& — Zg)

vg =% — c3 (& — Zq) vy =e; —cq(e; —0)
vs = eg — ¢5 (62 — 0) v =1 —cg(r—0)
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where ¢; € (0,1) Vi = 1,2,...,6,, if the assumptions stated for the system model and the desired
trajectory are met, an upper bound for the right-hand side of (151)-(156) can be written as follows

ON 5 0.0.0.%
(72,8 24,0,0,0, 54 < pilw, i, i) (157)
doy o1=01
N .
a (x,O'g,.'Ed,O, 0707 ':Ed) < p2(.CL’,£E,ZL’)
80'2 o=va
ON(z,%,03,0,0,0, 2 y) )
< T, T
B0 . ps(, &)
GN(a:, i, jf, 04, 0, 0, ZEd)
< x
Do . P4 ()
GN(a:, .’i?, Zi, €1,05, 0, ZL'd)
< x
H Dos . ps5(2)
aN(ZE,Lt,.’.I‘?,el,eg,O'ﬁ,.i:d) .
< T, T
o . ps(2, )
where p;(-) Vi = 1,2,...,6, are positive nondecreasing functions of z(t), (t), and #(t). After
substituting (157) into (150), N(-) can be expressed as
N < (pulllealls ezl (1) + paCllen]))) llesl (158)

+
+
+
+

(pa(llexll le2ll s M) lleéxll
(ps(lleall s llezl)) l[éx]

(o5 (lleal) lell

(os(llexll s llezl ) lI7[l -

where (16)-(18) were utilized. The expressions in (16) and (72) can now be used to upper bound

the right-hand side of (158) as in (76).
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